Causal functions of nonlinear wave equations  by Braunss, G
JOURNAL OF DIFFERENTIAL EQUATIONS 9, 86-92 (1971) 
Causal Functions of Nonlinear Wave Equations 
G. BRAUNSS 
Mathematisches Institut der Technischen Hochschule Darmstadt, 
61 Darmstadt, Germany 
Received December 1, 1969 
1. INTRODUCTION 
In a paper to appear a calculus has been introduced by which distribution 
solutions of nonlinear functional equations can be defined [I]. Here we shall 
apply this calculus to the class of nonlinear wave equations, 
aau a2u -- - - . . . 
at2 axI2 -g+F(u)u=o n 
with n odd and F(u) expandable in a Taylor series at u = 0, to determine 
causal functions, i.e., distribution solutions with a support contained in the 
characteristic cone, 
K+ = ((t, x1 ,..., x,) E Rn+l 1 t2 - xl2 - a.+ - xn2 3 o}. 
We begin with a number of definitions introducing the named calculus. 
DEFINITION 1. Let X1 , X2 ,..., Xi ,... and X be linear spaces of distribu- 
tions defined on Rn. Further, let P(x@); ci), E# > 0, be a distribution over X, 
and denote by P,(x(l),..., x(r)), E = (Q ,..., c,.), the tensor product of the 
P(x(Q; q) (i = l,..., T), i.e., PS(xu) ,..., x(+)) is a distribution over ni=“, Xi 
(Cartesian product). Assume that for any set of test functions vi E C”(G,), Gi 
compact CR”, and for any set {e > 0 1 i = l,..., Y} 
1 P(x(i’; Ej) * vj(Xfi’) - ~j(X’“‘)l < Ej (14 
so that for any EI > 0 there exist ci (i = l,..., r) such that 
1 P,(x(l),..., x(f)) * qJl(X’l’) *** l&(x(7’) - ~l(X”‘) *** g$(Xq < a (lb) 
where P, is convoluted with the tensor product of the vi . Then by pf we mean 
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a mapping with domain in n: Xi and range in X which is defined as follows: 
P&l )*-*P UT) = [P,(x(l),..., x(r))* q(x”)) 6.. U,(X(‘))J,II)=...,,(r,,, - (2) 
In case Y + co we define 
where the limit is to be taken in the sense of some suitable convergence. We 
call (2) the p,-product of ur ,..., u, ; the distribution P,(xu),..., xo)) will be 
called thepartition of this product. The limit p(ul ,..., u,) = lim,,p,(ur ,..., up) 
(whenever it exists in the distribution sense and with E -+O standing for 
(El ,**-, 6,) -+ (0,-v 0)) will be called the p-product of ur ,..., u, . 
DEFINITION 2. A set u, , us ,... for which a pC can be found such that 
P&l 9 u2 ,-*I exists will be called p,-admissible. If, moreover, p(ur , u2 ,...) 
exists the set will be called p-admissible. 
DEFINITION 3. If every finite subset of elements from X is p,-admissible 
(p-admissible) then X itself is called p,-admissible (p-admissible). 
DEFINITION 4. The p,-product ur ,..., u, is called (weak) p-continuous 
(on a compacturn G C R”) iff for every c > 0 there exists an f = (Q ,..., Ed), 
Ei > 0, such that 
where 
(u, P> = j-, 44 dx) dx, tp E Cm(G). 
If, moreover, lim,,,(p,(u, ,..., u,), 9’) is independent of any parametrization 
of the ci (i = l,..., Y) then we call p,(ur ,..., 24,) (weak) uniform p-continuous 
(on the compacturn G). 
DEFINITION 5. Let @ = 0 be a possibly nonlinear functional equation. 
Denote by [@13, an expression which is obtained from @ by replacing all 
(usual) products by p,-products whose partitions may be chosen independently 
of each other. Suppose now there exist distributions ur , us ,.,. such that in the 
distribution sense 
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Then we say that the ur , ua ,... are solutions of the functional equation Q, = 0 
in the sense of a regularization. We call such a regularization uniform 
continuous iff all occurring p,-products are (weak) uniform p-continuous, 
otherwise we call it nonuniform continuous. 
We give the following simple 
EXAMPLE 1. Consider the nonlinear wave equation 
ayt, X) 
@04 = at2 
a2u(t, X) 
___ - ~ + (u(t, x))” = 0. ax2 
Find a solution (in the sense of a regularization) which is concentrated on the 
line t = X. To find such a solution we replace (1) by 
p(u)], = f-p - +g$ + u(t, x) u(t - E, x) = 0. (2) 
Then u = S(t - x) is a solution of (2) and hence lim,,, ec = u = S(t - x) is 
a solution of (1) in the sense of a regularization which is concentrated on the 
line t = x; the partition we have used for (u(t, x))” is P,((t, x), (t’, x’)) = 
S(t, x) S(t’ - E, x’). 
The type of partition we have just here can be defined more generally as 
follows: 
DEFINITION 6. Let Se,, Se, ,..., Sci ,... be open balls in R” around the 
origin with radii or , l 2 ,..., ei ,... . Further, let be S = ni Sci and 
Then 
P,(x(l),..., x(T)) = c ail...i, 8(x(1’ - q,) a’- 6(x(‘) - wi ), r 
Wi” E su , wi, f f-%, if m # 12, 
where the real or complex numbers ail...< satisfy C ~l~~...~ = 1 (the summa- 
tion in both expressions running over all bermutations ofr;l ,..., i,) is called a 
discrete standard partition. 
For the proof of the following lemma we refer to [I]. 
LEMMA. Let X,,, be the linear space of distributions whose support is contained 
in a set A C R of measure zero with the derived set A’ = a. Further, let B C R 
be a set of measure zero with the derived set B’ = 0 and let X,,, be the linear 
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space of functions 
44 = c @lx - %V)f~(4 + g(x) 
XNEB 
(the sum being finite) where 
0(x - XN) = if x < xN 
if x >XN, XNEB, 
andfh, , g E P(Q), Sz open C R. Then X = X8,, + X,,, is p-admissible with a 
discrete standard partition and the p,-product of any finite subset of elements 
from X is (weak) uniform p-continuous. If, in particular, 
u(x) = %(X) + @(x) 44 
where u,, E X8,, with supp u0 = (0) and v E Cm(Q) and if F(u) is expandable 
in a Taylor series at u = 0 then 
h[F(u)u],e = u&F(v) + OF(v)v. 
2. CAUSAL FUNCTIONS 
DEFINITION 7. Let u = u(x), x = (t, x1 ,..,, x,J E R”+l, be a distribution 
solution of a certain functional equation with 
suppuCK+={x~R”+‘~t~-x~2--~~-x~~>0}. 
Then u is called a causal function of the considered functional equation. 
THEOREM. Consider the nonlinear wave equation 
a2ulat2 - a224lax,2 - ..- - a2qax,2 + ~U)U = 0 (1) 
with R = 2p + 1, p E N, and F(u) expandable in a Taylor series at u = 0. 
Assume that v = v(h) E C”(Q), Q C R being an open neighborhood of the origin, 
is a solution of 
(2) 
Further, let (Y,, ..., 0~~~~ be constants such that (in the distribution sense) 
21-l 
&[@n - 4k - 2)ak-1 + d+')] 8"' 
+ [2(n - 1)v + 8h dv/d/l + Q(v)] S = 0 (3) 
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where W = dk+1t9(h)/dAk+1. Then 
B-l 
u = 1 Uk8’“‘(X) + O(h) w(X), 
k=O 
h = t2 - Xl2 - --- - x,2, (4) 
is a causal function of (1) in the sense of a uniform continuous regularization. 
Proof. With h = t2 - xl2 - *** - xn2 we obtain from (1) 
d2u du 
4hdhz+2(n+1)dh+F(u)u=0. 
Applying the above lemma we shall prove by verification that (4) is a solution 
of 
l$-n[4A$+2(n+l)$+F(u)u] 
Of 
= 4A f$ + 2(n + 1) 2 + ljz[F(~)u],~ = 0 
in the sense of a uniform continuous regularization. Introducing 
D-l 
u,(h) = 1 UkW(h), uk = const., 
k=O 
and applying the lemma we get from (4) 
ljll[F(u)u], = z@(o) + OF(V)V. 
Also with (4) we get 
4h f$ + 2(n + 1) g = ‘2’ ,k[4h8k+2)(X) + 2(n + 1) 8(*+1)(h)] 
k=O 
= C (2n - 4k - 2) u~$Y~)(A) 
k=l 
+ [2(n - 1) V(X) + 8X $1 6(h) 
+ [4x g + 2(n + 1) $J O(h). 
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Thus with (5) 
9-2 
= & L%-1(2n - 4k - 2) + %Jw ~(YJv 
+ [2(n - 1) 44 + 8X 2 + Q(w)] W) 
+ [4h g + 2(n + 1) 2 + ww] @(4. (6) 
The last term gives Eq. (2). Assuming w E Cm(Q) with Q CR an open 
neighborhood of the origin we have F(w) E P’(Q) and h dw/dh E f?(Q) so that 
from (6) we obtain Eq. (3) and this concludes the proof. 
Remark. The notation “causal function” shall indicate that such a function 
satisfies the requirement of causality by standards of relativistic physics: Any 
information carried by a causal function cannot spread with a velocity which 
has a norm greater than c = 1 (where c is, say, the norm of the velocity of 
light in vacua). 
EXAMPLE 2. Consider the nonlinear wave equation 
a2u 
--Au+kzS=O, at2 
A=pL 
i=l axi2 ’ k = const. > 0. (1) 
By virtue of the above theorem there exists a causal function 
24 = %Q) + @(A) @), h = t2 - x12 - x22 - x32, (2) 
provided w(h) E Cm(Q), with Q C R an open neighborhood of the origin, is a 
solution of 
d2w dw 
4h dha + 8 ;ii + kws = 0 
It is not difficult to prove that 
J-2 = (-k/8, co) C R, (3) 
is such a unique solution. The constant % has to be determined from 
[Q(w) + 4w + 8h dw/dh],,i, = [mow3 + 4w + 8h dwfdh]A-o = 0 
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and we obtain OL,, = -k2/4. Thus from (2) and (3) 
k2 W) 
u = - 4 w + A + k,* 
and this is a causal function of (1) in the sense of a uniform continuous 
regularization. 
EXAMPLE 3. Consider the nonlinear wave equation 
a2u/at2 - Au + k@ + k2u5 = 0, k, , k, = const > 0. 
By arguments similiar to those in the preceding example it can be shown that 
u = -(k2/3k12) 6(X) + O(h)(k,h + k,/3k,)-1’2 , 
with A = t2 - xl2 - x22 - xs2, is a causal function in the sense of a uniform 
continuous regularization. 
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